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PartI : 5-quiver variety
a= (Ro ,a) : quiver of type ADE
* = diagram automorphism given by wo-longest element of the Wegl group

Woldi) =-
e.g. Al 0-0 ... -00

E
V
,
W : Do-graded vector spaces

v.w dimension vectors X =Zwitoi , M= X-Zvixi weights

Ma(x ,M)= quiver variety with stability parameter - ((B ,
a ,b) / MomentmaytoEr

Consider a sequence of isomorphisms
Swo

Mo(x , u) = M-a(X ,x) *Mo,) > Mo(X*, WoM)
↑ "utake transposes diagram W,O

reflection
of linearmaps

auto funct

Remark : we can also compose a diagram automorphism 51 (sulitusquasispltir (



Assume X* =X
, M=0 (more generally &(**) = X , -M =M)

Ma(x ,M=o) < Mo(X*= X ,

-M=0) ~ same as the original space

Since quiver varieties depend on Wirector space ,
rather than X

,

we need to choose
WE W

*
Ojgrading is twisted by*

- Assume = is given by (H) : orthogonal form or 7) : symplectic form

Then we have an involution Ma(x ,u)
a

& [Y.
(i] Assume O : generic .

(> Ma(x ,M) : smooth)

Mo(X , u)
+
= r-quiver variety

# 1. Did => modulispace of 50/Sp instantons on ALE spaces

Ex2 type A frame => cotangent Didles (>VTV2...Vision)
did only at1 of flags is

↓



Let me concentrate on the following example :

type Al- D - ---D x= n(+we-1) min) = Molx ,ustI
M I M= 0

Put othogonal or symplectic on Koh

↑ ~
mute

.

+: So - : Sp

geGLYMT mult
. by g by g*-1

Consider (M2) PC
**)

fixed point locus /

Pt H
Consider p:*-Glut Cusual quive variety)p(

*)
=product of
quirevarieties

Mi+Uz= n

Claim
. (MrP**Minxm 5-quiver variety ordinary quiver variety

12t
mc--(I

El

Basically because Eso/Spen(P(t)) = SO/Spanz * GL , vs Zeph)=Che



Maulik-Okounkov stable envelope :

Heu .

((MV(n) P(
**) > Hqu (MYn)

characterized by several properties

II becomes isomorphism over FracHqu(pt)
⑦ Hen (MO(1)aHu(M(-0)

A

For ordinary quiver varieties, stable envelope for p and for p
gives a geometric construction of R-matrix

F(uieF(u) R(uru2) (rational ison. (

In our case
,
for It = Hegu (MT(H)
HxFlu] @ K(u) K-matrix

Equive adinary
variety sliver valioty

This is the observation by Y. Li.

(We later conside the case I=baseviny)



Remark ThCGL MTnsTh : finite its

=> K-matrix can be computed explicitly,

=> Geometric application i
One can compute Betti numbers

M (n) : disconnected for Al-type SO
connected for ()-type Sp



PartII TwistedYangian
1 , definition (very rough)
o = sensimple Lie alg/K e.g . sen
- = involution

1 . 95) : symmetric pair (stu , son) ,
(Han

. san) , (19 , s(geogle)
-> not quasi slit (

n= p+f

fasisplitUgl of) : quantum enveloping alg Hoptalg W= coproduct only if P=8
X IP-fF1Ef(oft) no natural embedding

but Etgt) < Ef(G) (quantum symmetric pair
sit ,
· different from Ugly
· (2) < (1)(= 1

= VID < E(0))

· JE(5) < Ugly) @Ethi
coideal property

-----

,
Noumi, ....



o B - dimensional version
Y= Y (9) : Yangian of of : quantization of [10(z))
I filtered aly , sit, associated gradedA

rationalversion Caram .

M = Log 8 (
ytwjg5 < Y (g)

o different from "(y5)
· quantization of E(g(z]t( < OIYC) involution of g

V

g(z)85 = re(1)
· LYTWIT<Y(9) YtW(g

RepY(9) x Repythgo) > Repytolt) module category
T T 1) FoW over monoidal category

J

Remark r-quiver variety Mp(x ,M) : sooth

=> Ung is quasi-split type , i .e. (diagram) 0 Ochevalya
Conj· Allow singularity on Ma(X , 10 for more general2



52 . Reflection equation
& How to construct ytwig<Y(g) ? analogofz

1)

-

A 1 · Drinfeld original presentation Y(g)= <4 .587/relation
Belliand-Regelskis YTgY = <D ,JG)= GET (Assume rid)

A2 . From K-matrix (analog of R-matrix)
Recall RTTconstruction

representation of Yangian.
X ↓

FuseFlubR(U-u) intertwines betweenL andGo
12↑ - rational in u-r # E2- Fu

sectral parameter
> #
!

= equivariant variable

· Monodrony Matrix F(uJeF(nJD--- Fulun] @RFFu(U-Un) - - - RFF, (u- 41) = iTE(u)
det.

X = (matrix elements of TF(u) expanded at u=07
extendedYangim CT End ki

,

un][Fluie - -Fr(uns)
Yang-Baxter equation => RTT relation



Kmatrix Klu) : Flu]-> FTC-u]
↑

requ
=d)Hr(0--

= /bary"#x -

Ju E
[Assume2=base viry)

analog of monodromy Matrix

S(u) :=RF, Fr(Utul)-- REn FolUtUn[Kf(u)RFF(U-un) --- RFFSU-ul2

· FuTeFlui]-eF(un] <FuJeFluid--eEn[Un]
FF#t

analog of equation = reflection equation
2 2

I

20 I I unin

em
Wel chamber

pa :
K2uz) Ralt (k+uz)z(luiRiz(1-1) = Rz(it)2 , K , (4) Rizwel Kelly



Xtw (extended twisted Yangian) F coefficients of matrix elements (wirt. FandFG)

CT End ki
,

un][Fluie - -Fr(uns) expanded at 1-a

#h Hezu (MT(n)) is a representation of XW for the pair (0,% = Cele , See
for (t) type ,

For 2) type , compatibility of polarization is not satisfied.

=> reflection equation does not hold.

Rem cotangent of flags case : Xtr = Moter-Ragony reflection equation alg.

X
+< X is different for + /-type


